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Abstract 

The aim of this paper is to study the (/-Schrodinger operator 
L = q{x) - A,, 

where q{x) is a given function of x defined over — {g", n G Z} 
and Ag is the q-Laplace operator 
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^f{x) + -^f(qx) 



1 Introduction 



After the spectral analysis in [T] of the (^-Laplace operator also called the 
second-order g-difference operator 



/(r^x) - ^/(x) + -f{qx) 
q q 



it is natural to study the perturbed operator 

L = q{x) - Ag. 

The eigenfunction expansion theory for the g-Sturm-Liouville equation 
(singular case) presented in this paper is based on the original works of Her- 
mann Weyl in 1910 and of Edward Charles Titchmarsh in 1941, concerning 
Sturm-Liouville theory and the corresponding eigenfunction expansions. For 
this account the essential results of Weyl concern the regular, limit-circle and 
limit-point classifications of Sturm-Liouville differential equations (singular 
case); the eigenfunction expansion theory from Titchmarsh is based on clas- 
sical function theory methods, in particular complex function theory. For 
more information on the classical theory, the reader can consult the refer- 
ences P [51 El [8] . 
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2 Basic definitions 



Consider < g < 1. In what follows, the standard conventional notations 
from [2] , will be used 

n-l 

(a,g)o = l, (a,g)„ = JJ(1 - ag*). 
The g-schift operator is 

= f{qx). 

Next we introduce two concepts of g'-analysis: the g-derivative and the q- 
integral. The (^-derivative of a function / is defined by 

(1 - q)x 

and Dqf{0) = /'(O), provided /'(O) exists. The second order (/-difference 
operator is 



\f{x) 



1-q 



f{q ^x) - ^-^/(x) + -f{qx) 
q q 



The product rule for the (/-derivative is 

Dg{fg){x) = DJ{x)g{x)+AJ{x)Dgg{x). 

Jackson's g-integral (see [4J) in the interval [a,b] and in the interval [0,oo[ 
are defined by 



/ f{x)dgX = (1 - <Z) E ^"[^/(^^") - 

n=0 

POO ^ 

/ f{x)d,x = {l-q) J2 ^"/('?")- 

•'O n=-oo 

Also the rule of (/-integration by parts is given by 

fb i-b 
Dqf{x)g{x)dqx = [f{b)g{b) - f{a)g{a)] - / Kqf{x)Dqg{x)dqX. 



In the end we denote by L'^{M+) the Hilbert space of functions / defined on 



and satisfy 



|/(x)p(iqX < OO. 
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3 g-Sturm-Liouville difference equation 

If F satisfies the ^-difference equation 

A,/(x) + [A-g(x)]/(x)=0, (i: 
and G the same equation with A' instead of A, then 

(A' -A) f F{x)G{x)dgX 
Jo 

= [ [F{x){q{x)G{x)-A,G{x)}-G{x){q{x)F{x)-AgF{x)}]dgX 
Jo 

= - [ {F{x)A,G{x) - G{x)A,F{x)} d,x = Wo{F, G) - Wb{F, G), 
Jo 

where Wx is the g-Wronskian defined by 

Wx{F,G) = [F{x)K-^D,G{x) - G{x)K-^ D,F{x)\ . 

Note that the (7-Wronskian defined here is shghtly different from the q- 
Wronskian introduced in [6] and in [1]. In some cases we write W F{x), G{x) 
instead of 

If X = fi + ih', X' = X and G = F, this gives 

rb _ _ 

2u \F{x)fd,x = iWo{F,F)-iWb{F,F). (2) 
Jo 

Now let </)(x) = A) and 6{x) = 9{x, A) be tows solutions of (1) such that 
/ m = ^sina, 0'(O) = -^cosa 



0(0) = ^ cos a, e'{0) = sin a 



j^cosa, f)'fn^-Vl 
where a is real. Then it follows that 



Theorem 1 For every value of X other than real values, there exist a con- 
stante m(A) such that has a solution 

ip{x, A) = e{x, A) + m(A)^(x, A) 

belonging to L^(M^). 



Proof. In fact 
and 

Therefore 



W^{<p, 9) = VFo(0, 9) = sin^ a + cos^ q = 1. 
Wq{(I)A) = Wq{9,9) = ^. 



Wq{9 + l(t),9 + 1(1)) = l-~l = 2ilml. 

The general solution of ([1]) is of the form 9{x) + l(f){x). Consider those solu- 
tions which satisfy a real boundary condition at x = 6, say 

{9{h) + lcp{b)] cos /3 + {K-^Dq9{h) + lK-^^Dq<i){b)] sin /? = 0, 

where (3 is real. This gives 



/ = /(A) 



9{b) cot 13 + Aq^Dq9{b) 

(Pib) cot 13 + kq^Dq<t>{b)' 



For each 6, as cot (3 varies, / describes a circle in the complex plane, say C;,. 
Replacing cot /3 by a complex variable z, we obtain 



9ib)z + Ag^Dg9{b) 



(j){b)z + Aq^Dq(j){by 
The centre of Cb correspond to 

Ag^Dg^ib) _ Wb{9,^) 



Wbic/),^) 



Since —A ^Dg9{b) / A ^Dq4>{b) is on (7;,(for 2 = 0) the radius of C;, is 



n 



A-„^Dg9{b) Wb 



Ag^DgcPib) Wb{<P,^) 



Wbi^A) 



2u /g^ |</'(a;)|^ dgX 



(3) 



Now / is inside Cb if Imz < 0, i.e. if 



lA„^Dg<Pib) + A-'Dg9{b) ^ lAq^Dgcp{b) + A-^Dg9{b) 



+ 



i.e. if 



+ ■ lct){b) + 9{b) 

[\l\'Wb{(t>,'4>)+lWb{(t>,9) + lWb{9,^) + Wb{9,9)^ > 0, 



>0, 
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i.e. if 

iWb{e + i(i),0 + i^) > 0, 

i.e. if 



2u [ \e + dqx < iWo{e + 1^,0 + 
Jo 



Hence / is interior to Cf, if > 0, and 



^ Im/ 







dqX < 



The same result is obtained if z/ < 0. It follows that, if I is interior to Cf,, 
and < b' <b, then 

1ml 



+ l(t)fdqX< / \e + l(pfdqX< 
^0 



1/ 



Hence I is also inside Ch'- Hence Cb' includes Cb if b' < b. It follows that, as 
b ^ oo, the circle Cb converge either to a limit-circle or to a limit-point. 

If m = m(A) is the limit-point, or any point on the limit-circle, 

^ in ,i2 , Imm 
It) + m(p\ dqX < , 







for all values of b. Hence 



This finish the proof. 







2 Imm 

+ m(f)\ dqX < . 



Remark 1 In the limit-circle case, rb tends to a positive limit as 6 —> oo. 
Hence, by (0j the function cp is L'^(M^). So in fact, in this case every solution 
of {IP belongs to L'^{M.+). 

4 The eigenfunctions 

On the circle Cb (if > 0) 

t\cP\^dqX- t\e\^dqX< ['\e + l<P\^dqX<-—<^-^. 

^ Jo Jo Jo V V 
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Solving for \l\ we obtain 



Since the above right-hand side is 0(^)- Hence as ^ 0, for any fixed 
b, it also follows that m(A) = Hence, if m(A) has poles on the real 
axis, they are all simple. In this paper we assume that m(A) form a single 
analytic function, whose only singularities are poles on the real axis. Let 
them be Ao, Ai, . . . , and let the residues be ro, ri, 



Lemma 1 For any fixed complex A and A' 

lim W^^{V'(.,A),^(.,A')} = 0. 

x—*oo 

Proof. Since 

Wb{9{x, A) + l{X)(P{x, A), 9{x, A') + l{X')(P{x, A')} = 0, 

i.e. 

Wb[i:{x, A) + {/(A) - m{X)}(f>{x, A), ij{x, A') + {Z(A') - m{X')}(f>{x, A')] = 0, 
i.e. 

W^mx, A), A')} + {/(A) - m{X)}Wb{<P{x, A), ^{x, A')} 
+ {1{X') - m{X')}Wbmx, X),4>{x, A')} 
+ {/(A) - m(A)}{/(A') - miX')}Wb{cP{x, A), A')} 
= 0. 

Now 

Wb{(l){x, A), A')} = (A - A') r A)V'(x, X')dgX + Wo{4>{x, A), A')} 

Jo 

= o|^ |,^(x,A)|2d,a:|Vo(l), 
as 6 ^ GO, A and A' being fixed. In the limit-point case 



\liX) - m(A)| <2n = \v X)\' dgx 
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so that 

lim - m{X)}Wb{(t>{x, A), ^{x, A')} = 0. 

6— >oo 

This also holds in the limit-circle case, if /(A) 'rn{X), since then \4){x, A)|^ dqX 
is bounded. Similar arguments apply to the other terms. ■ 

Lemma 2 Let {fn} be a sequence of functions which converges in mean 
square to f over any finite interval, while 

POO 

/ \fn{x)\^ dqX < K 
Jo 

for all n. Then f is L^(M+); and if g belongs to L^(M+), 

/"OO /"OO 

lim / fn{x)g{x)dqX = / f{x)g{x)dqX. 
Jo Jo 

Proof. We have 

/ \f{x)\^dqX= lim / \fn{x)\^ dqX < K 
Jo Jo 

for every X, so that / is L^(R+). Now 



POO 








POO 


/ (/ - fn)gdqX 


< 


f 


+ 




Jo 




Jo 




Jx 



f pX POO ^ 2 f roo POO 1 

-[Jo '•^"•^"'''^''^yo \9\^dqx\ +n \f-fn\^dqxj^ \g\^dqx\ 

This finish the proof. ■ 
Proposition 1 The functions 

-^nix) = y/r^(f){x,Xn) 

form a normal orthogonal set o/L^(R^). 
Proof. By (2) if A and A' are not real, we have 

(A' - A) X)'ilj{x, X')dqx = Wo{tP{x, A), A')} - W^Mx, A), A')} 

^0 

= m(A) - m(A') - Wb{tp{x, X),ip{x, A')}. 
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By Lemma 1, the second term in the right tends to zero as 6 — > oo. Hence 

r u ^^ ^/^^ m(A) - m(A') 

V'(x,A)^(x,y)dgX= ^, _^ ■ (4) 

In particular, taking A' = A, we obtain 

I , / xm2 T Im{m(A)} 

\^Pix,X)\'dqX = ^7^- 

Now let A„ be an eigenvalue, and let A' = A„ + iz/, — > 0. Then for any 
fixed X, 

X 

2 

\iy^{x,X') +irn(l)ix,Xn)\ dqX 

\u9{x, A') + {i/m(A') + irn}4>{x, A') - ir„{0(x. A') - </>(x, An)| dgX — > 0. 
Also, by 

/•oo 

/ \u^{x,X')\dqX<\iym{X')\=0{l) 
Jo 

as — > 0, since the pole of m(A') at A„ is simple. On multiplying (j3|) by 
ii'/rm, making — > 0, and using Lemma 2 we see that <j){x,Xn) is L^(M+), 
and 

1 

'ip{x,X)(l){x,Xn)dgX = — . (5) 

A — A„ 

If A tends to a different eigenvalue Am, on multiplying ([5]) by if/rm and 
making ^ 0, we obtain 



</>(x, Am)0(x, A„)(ig2; = 0. 

If A tends to the same eigenvalue A^, it follows similarly that 

/ {(t){x,Xn)Y dqX = 
Jo ^1 



which leads to the result. 
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5 Series expansions 

Let / be L2(R+) and let 

f'X roo 

$(x,A) = V'(x,A) / (p{y,X)f{y)dqy + (p{x,X) '^{y,X)f{y)dqy, 

Jo Jx 

where (p and ^ are the functions defined above. In the following we denote 
by Cn the nth Fourier coefficient of the function / 



roo 



roo 

/ i^n{y)fiy)dqy. 
Jo 

Proposition 2 The function 

A H-^ A) 
has a simple pole at A„, its residue is Cnipnix)- 
Proof. We have 

pqx poo 

Dg^x, A) = Dgi;{x, A) / cp{y, X)f{y)dgy + DgcP{x, A) / i;{y, X)f{y)dgy 

Jo Jqx 

and 

rq'^x t-oo 

D^g^x, A) = Dli;{x, A) / <f>{y, X)f{y)dgy + Dlct,{x, A) / A)/(y)d,j/ 

^0 Jq^x 

+ qDgip{x, X)<j){qx, X)f{qx) - qDg<j){x, X)il){qx, X)f{qx). 

Therefore 



A,$(x,A) = 



1-9 
. Q 
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A-'D^Mx,X) 



rqx POO 

= Agi;{x, A) / X)f{y)dgy + Ag(f>{x, A) / i;{y, X)f{y)dgy 

Jo Jqx 

+ ^^-^ i^q'Dg^ix, X)<p{x, A) - Ag'Dg^ix, X)i;{x, A)] f{x) 



= [q{x) - XMx, A) + W,{e, <l>)f{x) = [q{x) - A]$(x, A) + f{x). 
The function $ satisfies the boundary condition 

$(0,A)cosa + $'(0,A)sina = 0. (6) 



If ^xix, A) is the corresponding function with /(y) = for y > X, then 

rx i-X 

^x{x,X) =e{x,X) (l){y,X)f{y)dgy + (j){x,\) <l){y, X)f{y)dqy 

Jo Jx 

+ m(A)0(x,A) / (f){y,X)f{y)dqy. 
Jo 

This is clearly regular everywhere except at A = Aq, Ai, . . . , where it hase 
simple poles with residues 

rn0(x,A„) / (l){y,Xn)f{y)dgy. 
Jo 

Hence making X — > oo we find that <I>(x,A) has a simple pole at A„, its 
residue there being limit of the residue of ^x{x, A), i.e. 



r„(/)(x,A„) / (j){y,Xn)fiy)dqy = ipnix) i^n{y) f {y)dqy = Cn1pn{x) . 
Jo Jo 

This finish the proof. ■ 

Lemma 3 If f is any function o/L^(]R^) then 

poo 1 poo 

/ mX,X)\^dqX<— \fix)\'dqX. 

Jo Jo 

Proof. Suppose first that f{x) = for x > X. Then the condition of 
self-adjointness 

poo poo 

/ ^{x,X)L^{x,X')dqX = / ^{x,X')L^{x,X)dqX, 
Jo Jo 

is satisfied. Indeed 

{$(x, X)L^{x, A') - $(x, X')L^{x, A)} dqX 

= - t {^(x, A)Ag$(x, A') - A')Aq$(x, A)} dqX 
Jo 

= -W[^{x,X)Mx,>^)]i 

By ([HD the integrated term vanishes at x = 0. The integrated term at x = 
tend to as ^ — > oo. Since, if x > X we have 

«>(x,A) = V(x,A) / <l){y,X)f{y)dqy, 
Jo 
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then the result follows from Lemma 1. 
Putting A' = A we obtain 



/•oo /"OO 

/ $(x,A){A$(x,A)-/(x)Kx= / ^ix,X){X<^ix,X)- f{x)}dgx, 
Jo Jo 



I.e. 



poo roo 

(A-A) / mx,X)\^dqX= {$(x,A)-$(x,A)}/(x)dgX. 
Jo Jo 

Hence, ii X = fj, + iVjV > 0, 

2v mx,X)\^dqX<2 mx,X)f{x)\dgX<2\ mx,X)\UgX \f{x)\^d^ 
Jo Jo [.Jo Jo 

This prove the result in the restricted case. If now / is any function of 
L2(R+), for a fixed X' we have 



X 



rX 



rX' POO 

/ \^xix,X)\^dgX< / \^xix,X)\^dg 
Jo Jo 

<^/ \fxix)\^ dgx = ^ \fix)\'^dgx<^ \f{x)\^dgx. 
V Jo ^ Jo ^ Jo 

The result therefore follows on making first X — > oo, then X' ^ oo. ■ 
We denote by Cg^2 the subspace of L2(M+) of functions which satisfy 



• The function Lf be i^v^-q 

• /'(O) cos a - /(O)sinQ = 0. 

• lim3;_,.oo W{il){x, A), f{x)} = 0, for every non-real A. 



Lemma 4 If f belongs to Cg^2 o,nd $(a;. A) defined above is also denoted by 
A, /) then 

$(x,A,/) = ^{/(x) + $(x,A,L/)}. (7) 
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Proof. We have 

= \w[<p{y),f{y)ro + \j\q{y)f{y) - /^J{ymy)d,y. 

Similarly 

/"OO -I f'OO 

/ <^(y, X)f{y)dqy = -r / {q{y)c)>{y) - A,0(i/)}/(y)d,y 

= \w[^P{y), /(y)]- + i l^{q{y)f{y) - Agf{y)}^{y)d,y, 

and the integrated term vanishes at the upper hmit. ■ 
The Green's function G{x,y,X) is defined by 

^[x,y,A) I _^(y,A)0(x,A), ify>x ' 

then 

f>00 



Therefore 



^x,XJ) = - G{x,y,X)f{y)dgy. 
Jo 

POD 

fix) = / Gix, y, X){Lf{y) - Xf{y)}d,y. 
Jo 



(8) 



Lemma 5 Let F{X) be an analytic function of X = + iu, regular for 
—r < jJL <r, —r < v < r, and let 

\F{X)\ < ^, 

in this square. Then 
Proof. Let 

G{X) = {X'-r')F{X). 
On the upper and lower sides of the square 

|G(A)| < i\Xf+r^)y < 2,rM. 
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On the left-hand and right-hand sides 



|G'(A)| < |z^|(|A| +r)^ < 3rM. 



Hence |G'(A)| < 3rM throughout the square. Hence on the imaginary axis 



\F{\)\ < 



3rM 



3rM ^ 3M 



1^2 _ j,2| jy2 _j_ J. 

This finish the proof. ■ 

Theorem 2 Let f be a function belonging in Cq^2 then 



/ {f{x)}\x = Y,cl 

•^0 n=0 



Proof. Suppose that / satisfies the conditions of the above theorem, and 
also that f{x) = for sufficient large values of x. Let 



^(A) 



/(x)$(x,A)figX, 



then ^{X) is regular except for simple poles at the points A^, where it hase 
residues 

i^n{x) f {x)dqX = cl- 



By dZD 



1 poo 1 poo 

*(A) = ^y^ {f{x)fdqx + -j^ Hx,X,Lf)fix)dqX, 



(9) 



and the last term is 



O 



1 



mx,X,Lf)\^dqX {fix)rdqx 



O 



Xu 



by Lemma 3, applied to Lf. 

Let C{R) denote the contour formed by the segments of lines {R—i, R+i) 
and {—R — i, —R + i), joined by semicircles of radius R and centres iti. Then 



/ ^{X)dX= 
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On the part of the upper semicircle in the first quadrant, we have 
Hence the last term in ([9]), integrated round this quadrant, gives 



R{l + Rsme J ]Jq j [Jj_ R9j \R J \ R 

A similar argument applies to the other quadrants. Hence the integral of 
^(A) round each semicircle tends to 

/•oo 

71"* / {f{x)}'^dqX 

Jo 

as i? — > OO. To prove the theorem for the class of functions considered, it is 
therefore sufficient to prove that 



lim / 'f(A)fiA = 0, 

^-"^ JR-i 



and a similar result with —R in place of R. 
Let 



X{\) = ^(A) - 



<-"n 



A - A^ 

iJ-l<A„<_R+l 



Then x{^) is regular for i? — l<A<i?+l, and 

A 7/ 7/ ^ ' 7/ 



\\u\ V 



where e(i?) — > as i? — > oo. Hence, by Lemma 5 

|X(A)| <3e(i?) 
on the segment (i? — i,R + i). Hence 



Also 



rR+i 

lim / xWdX = 0. 

JR-i 



JR-i ^ — 
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Hence 



R+i 



E 



-d\ = 0< 



R-1<A„<_R,+1 



0(1). 



This prove the theorem for the special class of functions. The theorem can 
be extended to all functions of integrable square. ■ 

Remark 2 It also follows that, if g is another function of -L^(R^), with 
Fourier coefficients dn, then 



f{x)g{x)dqX = y^Cndn. 

n=0 

Theorem 3 Let f be a function belonging in Cq^2 then 

oo 



(10) 



n=0 



Proof. From the formula 

(An-A) / V(3;, A)(/>(x, \n)dqx = Wo{V'(a;, A), 0(x, \n)]-Wb{'lp{x, A), (/)(x, A„)}, 
JO 

and (5), it follows that the second term on the right-hand side tends to as 
b ^ oo. Hence we may take f{x) = ipnix) in ([8]), which gives 



G{x,y,X)'4)n{x)dqy 



An — A 



Also 



\Gix,y,Xfdqy 



mx,X)\' / \^ix,X)\Uqy+\<Pix,X)\' 



{x,X)\ dqy<K, 



say, for x in a finite interval, and A not real. Hence by the Bessel inequality 



E 

ra=0 



An, — A 



< K. 



ill) 
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Now let / satisfies the conditions of Theorem 3, and let 

g{x) = Lf{x) - Xf{x). 

If A is not real, 

/•oo 

/ my,X)Lf{y)-f{y)LMy,X)}]dgy = W[f,i;]^ = /(O) cos a-/(0) sina = 0, 
Jo 

and L^l^ = Xip. Put A = A^ + ii^, multiply by z^, and make — > 0. Using 
Lemma 3, we obtain 



1pn{y)Lf{y)dqy = Xn I i^n{y)fiy)dqy = XnCn. 

Jo 
Hence, if dn is the Fourier coefficient of g{x), 

dn = (An — A)c„, 

then 

oo 

Y.\Xn-X\''cl (12) 

n=0 

is convergente. From ([8]) and (jlOp with f{y) replaced by G(x, y. A), it follows 
that 

f{x)= / G{x,y,X)g{y)dqy = ^2^—^ — r(A„ - A)c„ = V c„Vn(a:^), 

" n=0 ?i=0 

the required result. The absolute and uniform convergence of the series 
follows from (jlip and the convergence of (jl2p . ■ 
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